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Abstract
In this paper we consider polynomials, orthogonal with respect to an inner product which consists of the classical
Laguerre inner product combined with two linear perturbations of Sobolev type at x = 0: We derive linear di#erential
operators, of a speci5c form and usually of in5nite order, having these polynomials as eigenfunctions. In the case,  is a
nonnegative integer one of the operators is of 5nite order. c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
In this paper we consider the Sobolev-type Laguerre polynomials {L;M1 ;M2n (x; l1; l2)}∞n=0, orthogonal
with respect to the inner product
〈p; q〉= 1
(+ 1)
∫ ∞
0
p(x)q(x)xe−x dx +M1p(l1)(0)q(l1)(0) +M2p(l2)(0)q(l2)(0); (1)
where ¿− 1; M1¿0; M2¿0 and l1 and l2 are di#erent nonnegative integers. Without loss of the
generality we assume l1¡l2: These polynomials are generalizations of the Laguerre polynomials
{L ()n (x)}∞n=0; which are known to be eigenfunctions of the second-order linear di#erential operator
L() =−xD2 − (+ 1− x)D
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(D=d=dx) with eigenvalues n=n: The purpose of this paper is to 5nd linear di#erential operators,
possibly of in5nite order and of the form
L() +M1A(; l1) +M2A(; l2) +M1M2C (; l1 ; l2) (2)
with eigenvalues of the form
{n+M1(; l1)n +M2(; l2)n +M1M2(; l1 ; l2)n }∞n=0; (3)
such that the polynomials {L;M1 ;M2n (x; l1; l2)}∞n=0 are eigenfunctions of (2) with eigenvalues (3). Es-
pecially, we are interested in such linear di#erential operators, when they are of 5nite order. In a
number of special cases, this problem has been considered before (see [3] for a complete survey).
Here we only mention the case M2 = 0; which for l1 = 0 has been treated in [8] (see also [1,6])
and, in general, in [2], and the case l1 = 0; l2 = 1; which was studied in [9]. In all these cases, a
5nite-order operator exists if and only if  is a nonnegative integer ( ∈ N).
As an application in [5, Section 5:1] (see also [7]), it was shown that there exist linear di#erential
operators A(; l1); A(; l2); C (; l1 ; l2) (usually of in5nite order) and numbers
{(; l1)n }∞n=0; {(; l2)n }∞n=0; {(; l1 ; l2)n }∞n=0
such that the polynomials {L;M1 ;M2n (x; l1; l2)}∞n=0 are solutions of the di#erential equation
[(L() − nI) +M1(A(; l1) − (; l1)n I) +M2(A(; l2) − (; l2)n I)
+M1M2(C (; l1 ; l2) − (; l1 ; l2)n I)]y(x) = 0: (4)
Here
A(; l) =
∞∑
i=1
ai(x; ; l)Di ; l ∈ {l1; l2}; C (; l1 ; l2) =
∞∑
i=1
ci(x; ; l1; l2)Di :
Further we have to take (; l1)0 = 
(; l2)
0 = 
(; l1 ; l2)
0 = 0 and the values
{(; l1)n }l1n=1 (if l1¿ 0); {(; l2)n }l2n=1; {(; l1 ; l2)n }l1n=1 (if l1¿ 0)
can be chosen arbitrarily; for the other values formulas are given. To each choice of the arbitrary
values corresponds precisely one linear di#erential operator of form (2), usually of in5nite order.
In this paper we will show that if all the arbitrary values are chosen to be 0 and further  ∈ N,
then the corresponding operators A(; l1)0 ;A
(; l2)
0 and C
(; l1 ; l2)
0 are of 5nite order: A
(; l)
0 is of order
2 + 4l + 4; l ∈ {l1; l2} and C (; l1 ; l2)0 is of order 4 + 4l1 + 4l2 + 6: This proves a conjecture in
[5, Section 5:1]. Further we will show that any other choice of the arbitrary values will lead to an
operator of in5nite order and also that if  ∈ N, then the operator is of in5nite order for any choice
of the arbitrary values.
2. Representation of the polynomials
In [5, Section 2] a representation for this type of orthogonal polynomials is given, which becomes
in this case
L;M1 ;M2n (x; l1; l2) = L
()
n (x) +M1Q

n(x; l1) +M2Q

n(x; l2) +M1M2S

n (x; l1; l2): (5)
H. Bavinck / Journal of Computational and Applied Mathematics 133 (2001) 183–193 185
Here for l ∈ {l1; l2}
Qn(x; l) = K
(l; l)
n−1 (0; 0)L
()
n (x)− (−1)lL(+l)n−l (0)K (0; l)n−1 (x; 0)
and
Sn (x; l1; l2) =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
L()n (x) K
(0; l1)
n−1 (x; 0) K
(0; l2)
n−1 (x; 0)
(−1)l1
(
n+ 
n− l1
)
K (l1 ; l1)n−1 (0; 0) K
(l1 ; l2)
n−1 (0; 0)
(−1)l2
(
n+ 
n− l2
)
K (l1 ; l2)n−1 (0; 0) K
(l2 ; l2)
n−1 (0; 0)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
;
where
K (r; s)n (x; y) =
n∑
k=0
DrL()k (x)D
sL()k (y)(
k + 
k
) ; r; s; n ∈ N: (6)
Note that K (r; s)n (x; y) = 0 if n¡max{r; s}: In order to obtain a useful representation of K (0; l)n−1 (x; 0)
we prove the following:
Lemma 1.
L()n−k(x) =
n−k∑
j=0
(−k
j
)
L(+k+j)n−k−j (x); k; n ∈ N; k6n:
Proof. From the generating function
∞∑
n=0
L()n (x)t
n = (1− t)−−1 exp
( −xt
1− t
)
;
it easily follows that for arbitrary p
L(−p)n (x) =
n∑
j=0
(
p
j
)
(−1) jL()n−j(x);
hence for k; n ∈ N; k6n
L(+k)n−k (x) =
n−k∑
j=0
(−k
j
)
(−1) jL()n−k−j(x):
This system of equations can be inverted to obtain the desired result.
By using Lemma 1, the following formula can be derived from (6) by straightforward calculation:
K (0; l)n−1 (x; 0) =
(−1)ll!
(+ 1)l
l+1∑
k=1
(−1)k−1
(
n− k
l− k + 1
)
L(+k)n−k (x); n¿l+ 1
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and, hence,
K (m;l)n−1 (0; 0) =
(−1)l+ml!
(+ 1)l
l+1∑
k=1
(−1)k−1
(
n− k
l− k + 1
)(
n+ 
n− m− k
)
: (7)
We derive another representation of K (m;l)n−1 (0; 0): We use (6) and the formula
n∑
k=0
(a)k(b)k
(c)kk!
=
(a+ 1)n
n! 3
F2
( −n; a; c − b
c; a+ 1
∣∣∣∣∣ 1
)
;
(see [9, Lemma 4]) to obtain (l6m)
K (m;l)n−1 (0; 0)=
(−1)l+mm!
(+ 1)l(m− l)!
n−m−1∑
 =0
(m+ 1) (+ m+ 1) 
(m− l+ 1)  !
=
(−1)l+mn!
(+ 1)l(m− l)!(n− m− 1)!(m+ 1) 3F2
(
m+ 1− n; m+ 1; −l− 
m− l+ 1; m+ 2
∣∣∣∣∣ 1
)
=
(−1)l+m
(+ 1)l
∞∑
 =0
(−1) (−l− ) ∏m+ j=0 (n− j)
 !(m− l+  )!(m+  + 1) ; (8)
which can be used for all n ∈ N. We will need the following lemma.
Lemma 2. Let p; q; n ∈ Z with p6q6n− 1: Then
n∑
i=q+1
q∏
j=p+1
(i − j) =
∏q
j=p (n− j)
q− p+ 1 (9)
and if p6s6q
n∑
i=q+1

 q∏
j=p+1
(i − j)
s∏
j=p+1
(i − j)

=
∏q
j=p (n− j)
q+ s− 2p+ 1 !˜(n); (10)
where !˜(x) is a monic polynomial of degree s− p.
Proof. Formula (9) is a direct consequence of the identity
q∏
j=p
(i − j)−
q∏
j=p
(i − 1− j) = (q− p+ 1)
q∏
j=p+1
(i − j):
Putting
"(n) :=
n∑
i=q+1

 q∏
j=p+1
(i − j)
s∏
j=p+1
(i − j)

 ;
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we note that "(n) is a polynomial "(x) in x = n of degree q+ s− 2p+ 1 with leading coeJcient
1=(q+ s− 2p+ 1): Moreover, since
"(x)− "(x − 1) =

 q∏
j=p+1
(x − j)
s∏
j=p+1
(x − j)

 ;
we may conclude that "(x)="(x−1) for x=p+1; p+2; : : : ; q and thus "(x)=0; if x=p;p+1; : : : ; q:
3. The eigenvalues
From [5], it follows that we have to take (; l1)0 = 
(; l2)
0 = 
(; l1 ; l2)
0 = 0 and the values
{(; l1)n }l1n=1 (if l1¿ 0); {(; l2)n }l2n=1; {(; l1 ; l2)n }l1n=1 (if l1¿ 0)
can be chosen arbitrarily, whereas for l ∈ {l1; l2} and n¿l
(; l)n = 
(; l)
l +
n∑
j=l+1
K (l; l)j−1 (0; 0):
Further for n ∈ {l1 + 1; l1 + 2; : : : ; l2}
(; l1 ; l2)n = 
(; l1 ; l2)
l1 +
n∑
j=l1+1
((; l2)j − (; l2)j−1 )K (l1 ; l1)j−1 (0; 0)
and for n¿l2
(; l1 ; l2)n = 
(; l1 ; l2)
l2 +
n∑
j=l2+1
∣∣∣∣∣∣
K (l1 ; l1)j−1 (0; 0) K
(l1 ; l2)
j−1 (0; 0)
K (l1 ; l2)j−1 (0; 0) K
(l2 ; l2)
j−1 (0; 0)
∣∣∣∣∣∣ :
If we choose all the arbitrary values to be 0; then for l ∈ {l1; l2}
(; l)n =
n∑
j=1
K (l; l)j−1 (0; 0); n ∈ N (11)
and
(; l1 ; l2)n =
n∑
j=l2+1
∣∣∣∣∣∣
K (l1 ; l1)j−1 (0; 0) K
(l1 ; l2)
j−1 (0; 0)
K (l1 ; l2)j−1 (0; 0) K
(l2 ; l2)
j−1 (0; 0)
∣∣∣∣∣∣ ; n ∈ N: (12)
4. Some functions and polynomials in x = n
• It follows from (8) that K (m;l)n−1 (0; 0) is a function K (m;l)(x) in x = n with
K (m;l)(x) =
(−1)l+m
(+ 1)l
∞∑
 =0
(−1) (−l− ) ∏m+ j=0 (x − j)
 !(m− l+  )!(m+  + 1) ; l6m:
If  ∈ N, then this representation is valid for Re x¿− − 1:
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If  ∈ N; then K (m;l)(x) is a polynomial of degree + m+ l+ 1 and
lim
x→∞
K (m;l)(x)
x+m+l+1
=
(−1)l+m!
(+ l+ m+ 1)(+ l)!(+ m)!
:
Further by (7) we have K (m;l)(x) = 0; if x =−;−+ 1; : : : ;max{l; m}:
• Also, from (8), (11) and (9), we 5nd that (; l)n is a function (; l)(x) in x = n with
(; l)(x) =
1
(+ 1)l
∞∑
 =0
(−1) (−l− ) ∏l+ j=−1 (x − j)
 ! !(l+  + 1)(l+  + 2)
: (13)
If  ∈ N, then this representation is valid for Re x¿− − 2:
If  ∈ N; then (; l)(x) is a polynomial of degree + 2l+ 2 and
lim
x→∞
(; l)(x)
x+2l+2
=
!
(+ 2l+ 1)(+ 2l+ 2)[(+ l)!]2
: (14)
Since (; l)(0) = 0 and
(; l)(x)− (; l)(x − 1) = K (l; l)(x)
by (7), we may conclude that (; l)(x)=(; l)(x−1) for x=−;−+1; : : : ; l and thus (; l)(x)=0;
if x =−− 1;−; : : : ; l:
• From (8), (12) and (10), we 5nd that (; l1 ; l2)n is a function (; l1 ; l2)(x) in x = n: If  ∈ N; then
(; l1 ; l2)(x) is a polynomial of degree 2+ 2l1 + 2l2 + 3 and
lim
x→∞
(; l1 ; l2)(x)
x2+2l1+2l2+3
=
(!)2(l2 − l1)2
(+ 2l1 + 1)(+ 2l2 + 1)(2+ 2l1 + 2l2 + 3)[(+ l1 + l2 + 1)(+ l1)!(+ l2)!]
2 :
(15)
Since (; l1 ; l2)(0) = 0 and
(; l1 ; l2)(x)− (; l1 ; l2)(x − 1) = K (l1 ; l1)(x)K (l2 ; l2)(x)− (K (l1 ; l2)(x))2;
we may conclude that (; l1 ; l2)(x)=(; l1 ; l2)(x−1) for x=−;−+1; : : : ; l2 and thus (; l1 ; l2)(x)=0;
if x =−− 1;−; : : : ; l2:
• In the following, we will need two other functions in x = n:
First ( n+n−l) is a function in x = n, which we denote by #
l;(x): We have
#l;(x) =
∞∑
 =0
(−1) (−l− ) ∏l+ −1j=l (x − j)
 ! !
: (16)
If  ∈ N, then this representation is valid for Re x¿− − 1:
If  ∈ N; then #l;(x) is a polynomial of degree + l:
Also for each k ∈ {1; 2; : : : ; l+1}( n−kl−k+1) is a polynomial in x= n of degree l+1− k, for which
we put !k; l(x) and
!k; l(x) =
∏l
j=k (x − j)
(l− k + 1)! : (17)
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5. The operators
If we insert (5) into (4) with y(x) = L;M1 ;M2n (x; l1; l2) and equate the coeJcients of the corre-
sponding powers of M1 and M2, then we obtain eight systems of equations from which we need
(A(; l) − (; l)n I)L()n (x) + (L() − nI)Qn(x; l) = 0; l ∈ {l1; l2} (18)
and
(C (; l1 ; l2) − (; l1 ; l2)n I)L()n (x) + (L() − nI)Sn (x; l1; l2)
+(A(; l1) − (; l1)n I)Qn(x; l2) + (A(; l2) − (; l2)n I)Qn(x; l1) = 0; (19)
n ∈ N: It is easy to derive that (see [2]) that
(L() − nI)L(+k)n−k (x) =−k(L(+k)n−k (x) + L(+k+1)n−k−1 (x));
hence,
(L() − nI)K (0; l)n−1 (x; 0) =
(−1)ll!
(+ 1)l
l+1∑
k=1
(−1)k
(
n− k
l− k + 1
)
k(L(+k)n−k (x) + L
(+k+1)
n−k−1 (x)); (20)
which by (18) leads to
(A(; l) − (; l)n I)L()n (x)
=
(
n+ 
n− l
)
l!
(+ 1)l
l+1∑
k=1
(−1)kk
(
n− k
l− k + 1
)
(L(+k)n−k (x) + L
(+k+1)
n−k−1 (x)):
We now construct a linear di#erential operator, which has the same working on all the Laguerre
polynomials as A(; l)=A(; l)0 =
∑∞
i=1 ai;0(x; ; l)D
i ; where A(; l)0 denotes the operator which corresponds
to the {(; l)n }∞n=0 given by (11). Since such an operator is uniquely determined, we 5nd
A(; l)0 = 
(; l)(L()) +
l!
(+ 1)l
l+1∑
k=1
k(Dk −Dk+1)!k; l(L())#l;(L()) (21)
using (13), (16) and (17), where in the products for x − j, we substitute L() − jI :
If  ∈ N, then the operators (; l)(L()) and #l;(L()) are of in5nite order. In [3, p. 115], it has
already been shown, that the operator A(; l)0 is of in5nite order in this case.
If  ∈ N; then the order of (; l)(L()) is 2+4l+4 and the order of (Dk−Dk+1)!k; l(L())#l;(L())
is 2+ 4l+ 3− k; which shows that A(; l)0 is of order 2+ 4l+ 4 and by (14), (see [2]),
a2+4l+4;0(x; ; l) =
!(−x)+2l+2
(+ 2l+ 1)(+ 2l+ 2)[(+ l)!]2
; l ∈ {l1; l2}:
Further, we construct a linear di#erential operator, which has the same working on all the Laguerre
polynomials as C (; l1 ; l2)=C (; l1 ; l2)0 =
∑∞
i=1 ci;0(x; ; l1; l2)D
i, where C (; l1 ; l2)0 denotes the operator which
corresponds to the {(; l1 ; l2)n }∞n=0 given by (12). Therefore, we investigate the di#erent terms in (19).
First,
(L() − nI)Sn (x; l1; l2) = $1(n)(L() − nI)K (0; l1)n−1 (x; 0) + $2(n)(L() − nI)K (0; l2)n−1 (x; 0);
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where $1(x) = (−1)l2 K (l1 ; l2)(x)#l2 ; (x) − (−1)l1 K (l2 ; l2)(x)#l1 ; (x) and similarly $2(x) are functions
which in the case  ∈ N are polynomials, respectively, of degree 2+2l2+1+l1 and 2+2l1+1+l2:
It is easy to construct the unique linear di#erential operator U (; l1 ; l2) such that
U (; l1 ; l2)L()n (x) =−(L() − nI)Sn (x; l1; l2); n ∈ N:
In fact,
U (; l1 ; l2) =−(−1)
l1l1!
(+ 1)l1
l1+1∑
k=1
k(Dk −Dk+1)!k; l1 (L())$1(L())
−(−1)
l2l2!
(+ 1)l2
l2+1∑
k=1
k(Dk −Dk+1)!k; l2 (L())$2(L()):
If  ∈ N; then the operator U (; l1 ; l2) is of order 4 + 4l1 + 4l2 + 4: We now construct the unique
linear di#erential operator V (; l1 ; l2) such that
V (; l1 ; l2)L()n (x) =−(A(; l1)0 − (; l1)n I)Qn(x; l2); n ∈ N:
Since,
Qn(x; l2) = K
(l2 ; l2)
n−1 (0; 0)L
()
n (x)− (−1)l2
(
n+ 
n− l2
)
K (0; l2)n−1 (x; 0);
we have
V (; l1 ; l2) =− l1!
(+ 1)l1
l1+1∑
k=1
k(Dk −Dk+1)K (l2 ; l2)(L())#l1 ; (L())!k; l1 (L())
− l2!
(+ 1)l2
A(; l1)0
(
l2+1∑
k=1
Dk#l2 ; (L())!k; l2 (L())
)
+
l2!
(+ 1)l2
l2+1∑
k=1
Dk(; l1)(L())#l2 ; (L())!k; l2 (L()):
If  ∈ N; then the operator V (; l1 ; l2) is at most of the order 4 + 4l1 + 4l2 + 5: Similarly, for the
order of the operator V (; l2 ; l1) mapping L()n (x) into −(A(; l2)0 − (; l2)n I)Qn(x; l1) the same statement
is true. The order of (; l1 ; l2)(L()) is in5nite if  ∈ N:
If  ∈ N; then the order of (; l1 ; l2)(L()) is 4+ 4l1 + 4l2 + 6, implying that
C (; l1 ; l2)0 = 
(; l1 ; l2)(L()) +U (; l1 ; l2) + V (; l1 ; l2) + V (; l2 ; l1) (22)
is of order 4+ 4l1 + 4l2 + 6 in this case: Further by (15)
c4+4l1+4l2+6;0(x; ; l1; l2)
=
−(!)2(l2 − l1)2x2+2l1+2l2+3
(+ 2l1 + 1)(+ 2l2 + 1)(2+ 2l1 + 2l2 + 3)[(+ l1 + l2 + 1)(+ l1)!(+ l2)!]
2 :
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6. An interesting property of the operators
If  ∈ N; then the operators A(; l)0 with l ∈ {l1; l2} and C (; l1 ; l2)0 have the remarkable property that
the sum of their coeJcients is equal to zero. In fact, we will show that
∞∑
i=1
ai;0(x; ; l) = 0;
∞∑
i=1
ci;0(x; ; l1; l2) = 0:
In the case, l1 = 0, l2 = 1 this has been pointed out by Koekoek [10] for  ∈ {0; 1; 2}: For the
coeJcients {ai;0(x; ; l)}∞i=1 this was proved in [9] in the cases l=0 and l=1; and the general case
was treated in [4]. For the coeJcients {ci;0(x; ; l1; l2)}∞i=1 this was shown in [9] in the case l1 = 0,
l2 = 1: Here an easy new proof in the general case is given. It is necessary and suJcient to show
that A(; l)0 e
x=0 and C (; l1 ; l2)0 e
x=0: In [10] it was already pointed out that L()ex=−(+1)ex, which
implies that for any polynomial p(x) we have
p(L())ex = p(−− 1)ex:
If we consider (21), A(; l)0 e
x = 0 follows immediately, since (; l)(L())ex =(; l)(− − 1)ex = 0
and the second term gives 0; due to the factor Dk − Dk+1: Now we consider (22): (; l1 ; l2)(L())ex
=(; l1 ; l2)(− − 1)ex = 0; further U (; l1 ; l2)ex = 0; due to the factor Dk − Dk+1 and for the operators
V (; l1 ; l2) and V (; l2 ; l1); the 5rst term working on ex yields 0; due the factor Dk − Dk+1; the second
term gives 0, since A(; l)0 e
x =0 and the third gives 0 because (; l)(L())ex =0: Hence C (; l1 ; l2)0 e
x =0:
7. Other choices of the arbitrary values
In [5, Section 4], the general form of the operators A(; l1);A(; l2);C (; l1 ; l2) is given. If for m ∈
{1; 2; 3; : : :} we de5ne the operators J (;m) and K (;m) by
J (;m)L()n (x) = %n;mL
()
n (x) for all n ∈ N
and
K (;m)L()n (x) =
{
0 for all n ∈ {0; 1; : : : ; m− 1};
L()n (x) for all n ∈ {m;m+ 1; m+ 2; : : :}
then the operators A(; l1) and A(; l2) can be put in the form
A(; l1) = A(; l1)0 +
l1−1∑
m=1
(; l1)m J
(;m) + (; l1)l1 K
(; l1);
A(; l2) = A(; l2)0 +
l2−1∑
m=1
(; l2)m J
(;m) + (; l2)l2 K
(; l2):
Here { (; l1)n }l1n=1 (if l1¿ 0) and { (; l2)n }l2n=1 are the chosen values. The general form of the operator
C (; l1 ; l2) is more complicated, but also contains the operators J (;m) and K (;m): In [2], it has already
been pointed out that for all m ∈ {1; 2; 3; : : :} the operators J (;m) and K (;m) are both of in5nite
order, which implies that any other choice than 0 for one of the arbitrary values will lead to an
operator of in5nite order.
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8. Conjecture
Let k ∈ {1; 2; 3; : : :} and let l1¡l2¡ · · ·¡lk be nonnegative integers. Let for s ∈ {1; 2; : : : ; k} an
arbitrary subset & of {1; 2; : : : ; k} with s elements be given by &={j1; j2; : : : ; js}, where j1¡j2¡ · · ·
¡js: Consider the determinant of order s+ 1
'n(x; &) =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
L()n (x) K
(0; lj1 )
n−1 (x; 0) K
(0; lj2 )
n−1 (x; 0) : : : K
(0; ljs )
n−1 (x; 0)
(−1)lj1
(
n+ 
n− lj1
)
K
(lj1 ; lj1 )
n−1 (0; 0) K
(lj1 ; lj2 )
n−1 (0; 0) : : : K
(lj1 ; ljs )
n−1 (0; 0)
(−1)lj2
(
n+ 
n− lj2
)
K
(lj2 ; lj1 )
n−1 (0; 0) K
(lj2 ; lj2 )
n−1 (0; 0) : : : K
(lj2 ; ljs )
n−1 (0; 0)
: : : : : : : : : : : : : : :
(−1)ljs
(
n+ 
n− ljs
)
K
(ljs ; lj1 )
n−1 (0; 0) K
(ljs ; lj2 )
n−1 (0; 0) : : : K
(ljs ; ljs )
n−1 (0; 0)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
:
Then we conjecture that the polynomials {L;M1 ;M2 ; :::;Mkn (x; l1; l2; : : : ; lk)}∞n=0; given by
L;M1 ;M2 ; :::;Mkn (x; l1; l2; : : : ; lk) = L
()
n (x) +
∑
&
[(
s∏
i=1
Mji
)
'n(x; &)
]
are orthogonal with respect to
(k(p; q) =
1
(+ 1)
∫ ∞
0
p(x)q(x)xe−x dx +
k∑
i=1
Mip(li)(0)q(li)(0):
Further, we conjecture that the polynomials {'n(x; &)}∞n=js are eigenfunctions of a linear di#erential
operator A&, which in the case  ∈ N and all the arbitrary eigenvalues are chosen to be 0; is of
order 2s(+ 1) + 2+ 4
∑s
i=1 lji : The polynomials {L;M1 ;M2 ; :::;Mkn (x; l1; l2; : : : ; lk)}∞n=0 are eigenfunctions
of a linear di#erential operator
L () +
∑
&
[(
s∏
i=1
Mji
)
A&
]
which, if Mi ¿ 0 for all i ∈ {1; 2; : : : ; k}; is of order 2k(+ 1) + 2 + 4∑ki=1 li:
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